With an assumption that in the Yang-Mills Lagrangian, a left-handed fermion and a right-handed fermion both expressed as the quaternion make an octonion which possesses the triality symmetry, I calculate the magnetic mass of the transverse selfdual gluon from three loop diagram, in which a heavy quark pair is created and two self-dual gluons are interchanged.
Introduction
In 1980, Linde [1] pointed out difficulties of infrared problems in the thermodynamics of mass-less Yang-Mills gas, and a possible solution via gluon acquiring the magnetic mass. At zero temperature, an effective gluon mass of 500 ± 200 MeV was predicted by Cornwall [2] .
A problem that at relatively low temperature or high density, the pressure of the QCD thermodynamic gas becomes negative was pointed out in [3] and difficulties in the calculation of the thermodynamical potential in the g 6 order are discussed in [4, 5, 6] .
The ground-state energy of the finite temperature quark-gluon system was classically derived from the Yang-Mills Lagrangian by Freedman and McLarren [7] . An extensive review of calculations done before 2004 are given in [8] .
In QCD, the gluon is screened in the plasma through gluon loops, quark loops and ghost loops. In 1993 the non Abelian Debye screening mass was found to be sensitive to the non perturbative magnetic mass of the gluon [9] . By adding a magnetic mass m higher, but no systematic calculation of it was found.
Alexanian and Nair [10] calculated the magnetic mass of the gluon in a model based on Chern-Simons theory and obtained m mag ∼ (2.384)
, where C = N for SU(N) gauge theory. There is, however, other models that yield different values of the magnetic mass [11, 12] , and the situation is worrisome. The best that one could do perturbatively to get the Debye mass is [13] 
where N c is the number of colors and N f is the number of fermion flavors, but the value of
There is a systematic investigation of vacuum polarization tensor Π µν (k 0 , k) of relativistic plasma [14] . The collective plasma effects are characterized by the frequency ω k = N f 6 + N c 3 gT . The self-energy depend on four vector u α of the fluid and the momentum K α of the virtual particle via two invariants ω = K α u α and k such that K α K α = ω 2 − k 2 . The transverse self-energy function Π T (k, ω) and the longitudinal self-energy function Π L (ω, k)
are calculated by a pair of four vectorẼ α andB α , each orthogonal to u α , defined by
When ω > ω p , plane wave solution ofẼ α andB α exist, but when ω < ω p they are screened.
It was shown that the screening length for the magnetic fields diverges at ω → 0, thusB α is screened except at ω = 0.
In [15, 16, 17] , I proposed a calculation of the Domain Wall Fermion(DWF) propagator in quaternion basis and expressed vector fields in terms of the Plücker coordinate, followinǵ E. Cartan [18] . In this framework, the spin structure of the quark pair in the self-energy diagram with two self-dual gluon exchange is uniquely defined when the color and spin of the incoming gluon are fixed. The process is similar to the one investigated in the technicolor theory [20] .
In order to calculateB α at ω = 0, I adopt a model, in which a quark pair is created, and two self-dual gluons are exchanged and the pair is annihilated [16, 17] . From a left-handed quark described by a quaternion and a right-handed quark described by another quaternion, one can construct an octonion. An octonion posesses the triality symmetry [18, 19] and the spin structure of the magnetic coupling of a self-dual gluon to the quark loops can be fixed when the exchanged internal gluons are restricted to be self-dual. There is no direct evidence that the triality symmetry plays a role in the nature, but the difference of about a factor of 3 in the effective flavor number for opening the conformal window in the Schrödinger functional scheme [21] v.s. in the momentum subtraction (MOM) scheme [22] could be understood, if the Schrödinger functional does not select a triality sector but MOM scheme selects one triality sector. Using the Banks-Zaks expansion [23] , Grunberg [25] showed that the non-perturbative effect modifies the critical flavor number of the perturbative QCD which was around 8 [21] to 4. Infrared stable QCD running coupling was observed also in holographic QCD [27] , and in the polarized electron nucleon scattering [26] .
In order to check the relevance of self-dual two gluon exchange in the coupling vertex, I calculate the vertex of a B meson weak decay vertex into lepton and anti-neutrino.
The decay propability of a B meson into a lepton and neutrino is measured by the Babar collaboration [31] and by the Belle collaboration [32] . Possible deviation from the standard model via Penguin diagram is discussed in [33] and I compare with the possible correction from two self-dual gluon exchange diagrams.
The structure of this paper is as follows. In the sect.2, I summarize the magentic mass problem and present the calculation of the self-energy using the quaternion bases. In sect.3, the B-meson weak decay vertex including the two self-dual magnetic gluon exchange is investigated. Conclusion and discussion are given in the sect.4.
2 The self-energy of a gluon via exchange of self-dual gluons between heavy quark and heavy anti quark
In 1993 the non abelian Debye screening mass was found to be sensitive to the non perturbative magnetic mass of of the gluon [9] . The importance of the magnetic mass was recognized in [3] , as he calculated the pressure of finite temperature plasma, which is defined as p = −T log Z/V where Z is the partition function. The pressure derived at a high-temperature region
becomes negative when extrapolated to low temperature T or to high chemical potential µ.
The negative pressure implies that the convergence of the perturbation series breaks down, and a QCD phase transition at this point was discussed. In the infrared, however, the ring sum term log(1 + Π T (K)/K 2 ) was found to contain infrared singular term, indepent of the choice of the gauge. In order to evade the equation of the one loop transverse gluon propagator near T = 0
mag was proposed [6] . With
T was expected for α s (k) = 0.3 at k ∼ 1GeV. The magnetic mass contributes to the pressure of the quark-gluon plasma in the order of g 6 T 4 . In lattice simulations, the magnetic gluon propagator does not show a peak at the zero momentum and the pole structure of the magnetic mass was, excluded [35] , although how to detect the timelike pole on the lattice remains an open question [34] .
I do not assume a magnetic mass of g 2 T for a producion of a g 6 term in the pressure, but I consider a three loop diagram of order g 6 including two self-dual gluon exchange, as a building block of the stabilized quark-gluon plasma system. The model does not contradict with the lattice simulation.
In [15, 16] , I discussed the quark propagator using quaternion [19] basis. In this flamework, I consider tensor coupling of the external gluon field to a heavy quark internal self-dual vector field x 1 , x 2 , x 3 couple to the fermion spinors.
I consider the self-energy or the magnetic mass of a gluon, which is polarized in the transverse direction. The transverse gluon field is
where λ a is the SU(3) color basis. The tensor coupling in the case of Π T 11 are, γ 4 (γ 2 γ 3 − γ 3 γ 2 )/2 = γ 1 γ 5 in the vertex and in the case of Π T 22 is γ 4 (γ
The coupling of F ij (q) to the quark is
Internal self-dual gluon and the heavy quark couplings in Π 11a and Π 22a are
In Π 11 , I choose the quark represented by ξ 4 to be at rest and the self-dual gluon x 3 and x 2 have momenta k y and p z , respectively. The quark ξ 12 and ξ 31 have momenta −k and −p, respectively, and ξ 314 and ξ 124 have momenta p z and k y , respectively. The propagator of quark ξ 23 have the numerator γ 3 p z + γ 2 k y , but γ 3 is multiplied by γ 2 at the junction to the quark ξ 314 , and γ 2 is multiplied by γ 3 at the junction to the quark ξ 124 and effectively the numerator is proportional to σ x , as required by the assignment of ξ 23 .
I use the Clifford products rule (a 0 + a)(
evaluate Clifford products of the following bases.
The x 1 gluon coupling to quark pair with 2 self-dual gluon exchange Π Since the trace of the two types are the same, I consider the amplitude Π
Similarly, the self-energy from Π 
The trace in the numerator of the Π 11
The numerator of the Π 22 is
I integrate numerically
where the factor 4 comes from integral on k and p from −∞ to +∞.
I chosse the scale m = 1 and evaluate
by varying Λ. Numerically, the integral (9) is approximately 7
At T = 0, when the wave function of the quark pair is available from lattice simulation, one can perform the integration over q numerically and obtain a non-screened magnetic mass.
At T = 0, it is necessary to replace the self-dual gluon exchange propagator
and check the self-consistency.
In a quenched SU(2) lattice Landau gauge simulation, the temperature dependence of the transverse gluon and longitudinal gluon from 0 temperature to twice the critical temperature T c were recently measured [28, 29] . Near the T = T c , the transverse gluon propagator showed a peak near q = 0.4GeV, but the longitudinal gluon propagator did not show this behavior.
In a quenched SU(3) lattice Landau gauge simulation [30] , the transverse gluon propagator, or the magnetic gluon propagator showed smooth momentum dependence in the range from
In the present work, I ignore these temperatures and the number of color dependence, and evaluate, using the bose Bose-Einstein distribution for the gluon, the magnetic mass at finite temperature T as
Since q is in GeV, I use k B = 8.6 × 10 −5 eV/K= 8.6 × 10 −14 GeV/K as the unit, and express the temperature in the unit of T c = 1.14Λ M S [8] and Λ M S ∼ 230MeV.
There are two polarization directions and two different time orders, and assuming that the coupling of self-dual gluon and the external gluons to quarks are the same, I estimate the f (q) using the numerical results of T = 0 as f (q) = g(q)
Here, I adopt α s (q) obtained from Lattice simulation [22] which is consistent with the prediction of the holographic theory [27] . The parametrization of α(s) is [26] 
where
and γ = The self-energy decreases as the quark mass of the loop increases. The magnetic mass of a gluon through bottom quark loops is less than k B T c and the thermal response of the bottom quark and the charmed quark differ qualitatively.
When T = 0, I evaluate the self-energy as the 0 component of the Clifford product. In the Coulomb gauge, the exchanged self-dual gluons are assumed to be x 1 , x 2 and the quark-anti quark state that couple to x 4 can be ψCφ → (ξ 1 ξ 23 + ξ 2 ξ 31 ), or φCψ → (ξ 14 ξ 234 + ξ 24 ξ 314 ). When the exchanged self-dual gluons are x 1 x 2 , the trace in the numerator of J c (k, p)
Numerically one could fix the momentum transfer (k x r x )q y − p y and integrate over r x , k x and p y , or the momentum transfer (q y p y )r x − k x and integrate over q y , p y and k x .
When the external gluon is a spacelike photon, the infrared divergence can be regularized and yields anomalous magnetic moment
. Since regularization of q y , r x is necessary, the numerical calculation of the self-energy of the timelike gluons and photons remain as a future problem.
The B-meson weak decay vertex
When the two self-dual gluon exchange is important in the heavy quark heavy anti quark pair to a gluon coupling, similar two gluon exchange in B meson weak decay is expected to be important. I consider B − → τ −ν decay, in which b quarkū quark couple to W boson through Cabibbo-Kobayashi-Maskawa matrix as,
and its hermitian conjugates. The direct coupling of W boson to the quark current has two types:
and
where φ(p, k) is the B meson wave function in momentum space normalized as
At large q, the Fourier transform of Gaussian wave function D(q) decreases too fast.
Thus, I adopt the discrete cosine transform of the Bethe Salpeter equation evaluated by a lattice simulation [42] . Details of the choice of φ(p, k) is given in the Appendix. In the 3 loop diagram, I choose the quark momentum is 0 as the b−quark. We are interested in the momentum region small compared to the temperature T , where the thermal part of the gluon propagator is simplified as [10] 
The transition amplitude is obtained by calculating the trace,
which depends on the effective momentum transfer of self-dual gluons x 2 and x 3 . I assumed
In the case of B meson decay, the momentum transfer q is of the order of M B /2, and the damping of φ(p + q, k) etc are important, and for an exact evaluation, lattice simulations are necessary.
There is no infrared divergence even when m mag (T ) = 0, and the finite m mag (T ) makes the vertex suppression at high T .
The decay rate Γ = 1 τ of B → lν in PQCD is [36, 37] Γ(B → lν) = 1 8π
where 0|ūγ µ γ 5 b|B
Including charged Higgs effect, f B |U ub | ∼ 0.85 is reported [36] .
The correction C(T ) to D(T ) is not too large in the case of B u =bu meson. Experi-
and R-parity violation in B → lν [37] are discussed with an estimation f Bc = 450MeV [37] .
Discussion and Conclusion
In this paper, an ω independent, temperature dependent magnetic mass of a gluon is calculated in a model with triality symmetry. I checked the consistency of the model by estimating a correction to the width of a B meson decay into a lepton and an anti-neutrino. The idea of triality symmetry comes from the difference of the critical flavor number for opening the conformal window in the Schrödinger functional method [21] and in the Domain Wall
Fermion method [15] . The polarized electron experiment at JLab [26] and the QCD running coupling constant in holographic QCD [27] and in the Coulomb gauge lattice simulation in MOM scheme [22] suggest that the flavor number 2+1 system is not far from the conformal window, but the Schrödinger functional method suggests that the flavor number should be more than 8 for the conformal window opens. If DWF or MOM scheme selects one triality sector, while the Schrödinger functional does not due to the difference of the boundary condition of the wave function, the difference of about a factor of three in the critical number of flavors could be understood.
The non-perturbative effects in finite temperature QCD is difficult. In [38] , problems in renormalization of the three loop diagram as J(p, k) or C(p, k) are discussed. If I replace the propagator denoted by ξ 4 is replaced by a point, an integral like J = dp dq dt(qt)
appears. The momenta of internally exchanged gluons p and k in my model correspond to their t and q. The momenta corresponding to ξ 23 or ξ 31 in Fig.2 or Fig.1 in [38] are not fixed, In the model of domain wall fermion, the quark spinor possesses an arbitrary U(1) phase that one can adjust to one triality sector of the lepton in the detector. I expect that there is three fold U(1) symmetry in the quark sector, but the symmetry is broken in the lepton sector and one triality is selected. The situation seen from the side of a quark is similar to the color-flavor locking [39] . In color-flavor locked states, the photon coupling to quark flavor Appendix: Quark wave function φ(p, k)
The discrete cosine transform(DCT) is used in image compressions etc. For a given data s(x) (x = 0, 1, · · · N − 1) one multiplies cos πk(2x + 1) 2N and make a weighted summation [43, 44] . When the DCT is applied to β π e −βx 2 /2 , an expresion close to its Fourier transform 1 πβ e −p 2 /2β is obtained.
I consider the case β = 2 and evaluate DCT of 4.9e −x 2 . The factor 4.9 is the normalization that is used in the Bethe Salpeter wave function of the B meson which will be discussed later.
When the DCT is applied, the scale of ordinate changes by the factor 1/β and that of abscissa changes by 2π. The DCT scaled by multipying 1/2 is compared with the original in Fig.7 .
When the maximum of x = 2 corresponds to 1fm, ∆x = 0.05 and in momentum space ∆p = 2π fm −1 =1.18 GeV.
The parameter of the Gaussian wave function is taken from the flux-tube model [40, 41] . The model was applied to low energy meson decays and meson-baryon couplings and produced reasonable results. The Bethe Salpeter wave function of theQq meson state was calculated in [42] . They adopted the scale r 0 = 3a = 2.68GeV When the scale of the ordinate is multiplied by 1 2 as in the case of Gaussian, and abscissa is transformed to GeV, 
